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Abstract

We investigate the hierarchical gravitational three-body problem, in which a binary is perturbed

by a distant object that orbits on a Keplerian ellipse around the binary itself. This perturbation

results in large-amplitude oscillations of the orbital elements, like eccentricity, which may signif-

icantly influence the evolution of many astrophysical systems: from minor bodies and planets to

even supermassive black holes. The standard approach found in the literature describes this phe-

nomenon in the framework of Hamiltonian mechanics. Here we derive the long term evolution of

the triple with elementary tools, treating the binary as a dipole interacting with the gravitational

field of the tertiary and describe the dynamics using forces and torques instead of the usual Hamil-

tonian formalism. This highlights another aspect of the problem and is likely an easier way to

introduce the problem at the undergraduate level.
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I. INTRODUCTION

The gravitational three-body problem is one of the oldest open questions of physics.1 In

contrast to the two-body case, it is non-integrable since it lacks the sufficient number of

first integrals.2 As a consequence, instead of finding new first integrals, other attempts have

been made to understand the long term evolution of the system. For example, recent efforts

have focused on finding a statistical solution, i.e. to predict the distribution of the orbital

elements after a strong three-body interaction.3

Another approach, which has a longer history, is to make approximating assumptions

about the three-body configuration, for which the long-term evolution may be explored

analytically. One such assumption is to neglect the mass of one of the bodies, which results

in the restricted three-body problem. The most famous discovery in this field is probably

the prediction of the equilibrium Lagrange points.4

Besides the restricted configuration, three body systems in the hierarchical configuration

also received attention in the past decades. These systems consist of a binary, which is

perturbed by a distant tertiary. The members of the binary constitute the inner binary, and

their barycenter together with the tertiary forms the outer binary (see Fig. 1). In this case,

the ratio of the inner and outer orbital separations (|r|/|R| = r/R) is a small parameter.

The standard technique to describe the dynamics of such systems uses the Hamiltonian

formalism.5 One finds the perturbing Hamiltonian, expresses it with the canonical orbital

elements (these are usually the so-called Delaunay elements) and expands it into a power

series with respect to the small parameter. Depending on the desired accuracy, the Hamil-

tonian is truncated at a particular order: in a multipole expansion, when the terms smaller

than O(r2/R2) are omitted, it is called the quadrupole approximation. The long-term evo-

lution of the system may be derived by time-averaging the perturbation over the inner and

outer orbital periods. The equations of motion are then obtained from this double-averaged

Hamiltonian. It turns out that sufficiently inclined triples (for which the i angle between

the inner and outer orbital planes is sufficiently large) are subject to large-amplitude eccen-

tricity and inclination oscillations. This phenomenon is called the von Zeipel-Lidov-Kozai

(ZLK) mechanism,6–8 which plays an important role in the dynamics of several astrophysical

phenomena: from the formation of hot Jupiters to the merger of black holes.9

Although the Hamiltonian formalism is elegant and easy-to-use, it is abstract in the
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FIG. 1. The hierarchical three-body problem, in which |r| � |R| (the figure is not to scale).

sense that it does not highlight the role of force and torque vectors. Even if we express the

Hamiltonian with the angular momentum and eccentricity vectors,10 it is non-trivial how the

ZLK mechanism follows from the basic equations of force (F = mr̈) and torque (T = r×F).

The aim of this paper is to derive the ZLK mechanism from these expressions. Up to the

knowledge of the author, this approach is new in the literature.

The structure of the paper is as follows. In Sec. II we derive the force and torque vectors

of the ZLK mechanism. In Sec. III we discuss the most important physical implications and

give a qualitative picture of the dynamics.

Throughout the paper, the gravitational constant is set to 1.

II. THE ZLK FORCE AND TORQUE

In what follows we consider a three-body configuration, in which the ratio of the separa-

tions is small, hence we refer to it as hierarchical (see Fig. 1). Two of the bodies, which we

call primary and secondary, comprise the inner binary. Let us measure mass in units of the

primary mass. The secondary (with mass 1 � m) is assumed to orbit on a circular orbit

around the tertiary (M), which is also much more massive (m � M). For instance, this

may represent a star-planet-moon system or a supermassive-intermediate-stellar black hole

triple; hereafter, we refer to the objects as star, planet and moon. The goal of this work
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is to describe the long-term, i.e. secular evolution of the inner binary (the moon around

the planet), which is perturbed by the star. We note that the assumptions above (except

hierarchicity) may be left and the results below can be generalized in a straightforward way.

Let us examine the behaviour of the angular momentum vector, which is

J1 = J1


sin i sin Ω1

− sin i cos Ω1

cos i

 , (1)

where J1 =
√
ma1(1− e21) (for the notations see Fig. 1). Its evolution is driven by a torque,

J̇1 = T = r×F, where the r vector from the planet to the moon acts as the lever arm vector

and

F =
m

r3
r + Fout. (2)

The first term on the right-hand side is the gravitational attraction on the moon exerted by

the planet, while the second is that on the moon by the star. In the first approximation, it

has two components:

Fout = M

(
1

R3
R +

3(R ◦R)−R2E

R5
r

)
, (3)

where E is the identity tensor. The first term is the monopolar force, which attracts the

moon to the star in tandem with the planet (as if it was one point-like object). The second

is the dipolar contribution, completely analagous to the force exerted on an electromagnetic

dipole.11 Its physical motivation is that the inner binary cannot be treated to be point-like,

because it has a finite extent which can be modelled as a dipole in the first approximation

in a multipole expansion.

Now let us calculate the work this force does on the moon’s orbit. We are not interested in

those effects which happen within one orbital period, so we sum up the F dr work elements

along one orbit:

W =

∮
F dr =

∮
Fṙ dt =

∮ (m
r3
r + Fout

)
ṙ

1− e1 cosE1

m1/2a
−3/2
1

dE1, (4)

where we used dt = dl1/(m
1/2a

−3/2
1 ) and dl1 = 1 − e1 cosE1 dE1 from the Kepler equation

(see Appendix for the technical details). In order to evaluate the integral we may use that

r =


x

y

z

 = Rz(Ω1)Rx(i)Rz(ω1)


a1(cosE1 − e1)

a1
√

1− e21 sinE1

0

 , (5)
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and

ṙ =


ẋ

ẏ

ż

 = Rz(Ω1)Rx(i)Rz(ω1)
m1/2a

−3/2
1

1− e1 cosE1


−a1 sinE1

a1
√

1− e21 cosE1

0

 , (6)

where Rj(α) is the rotation matrix around axis j by an angle α.

Calculating the integral in Eq. (4) is not complicated and eventually gives zero: W = 0. In

other words, apart from some small periodic oscillations on the orbital timescale, the energy

of the moon remains secularly constant. We note that the integration above is proportional

to the time-average, hence we can also write

〈W 〉 = 0. (7)

The torque is

T = r× F = Mr×
(

1

R3
R +

3(R ◦R)−R2E

R5
r

)
, (8)

where we used that r×mr/r3 = 0 vanishes. Before averaging, this expression contains those

effects, too, which do not play any role on secular timescales. In order to understand the

long-term evolution we calculate the cumulative torque over an orbital period. However,

unlike the case of the mechanical work, the integration over the inner orbit now yields a

non-vanishing torque, so we extend it to the outer orbit, too:

〈〈T〉φ2〉l1 = T̃ =
3M

8R3
a21 sin i


cos i (−2− 3e21 + 5e21 cos(2Ω1)) cos Ω1 − 5e21 sin(2ω1) sin Ω1

cos i (−2− 3e21 + 5e21 cos(2Ω1)) sin Ω1 + 5e21 sin(2ω1) cos Ω1

0

 .

(9)

Here, like previously, 〈...〉l1 =
∫ 2π

0
...(1−e1 cosE1) dE1/(2π), while 〈...〉φ2 =

∫ 2π

0
... dφ2/(2π).

In order to grasp the geometrical meaning of this vector, we decompose it into two compo-

nents. We first examine the parallel projection of T̃ onto êJ1 , the unit vector in the direction

of the inner binary’s angular momentum. The parallel component, which changes only the

magnitude of the angular momentum but not its direction, is

T‖ = (êJ1 ◦ êJ1)T̃ = −15M

8R3
a21e

2
1 sin2 i sin(2ω1)êJ1 . (10)

The direction of J is driven by the perpendicular component:

T⊥ = (E− êJ1 ◦ êJ1)T̃, (11)
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which leaves the magnitude of J1 unchanged. The components of this vector are

(T⊥)x = −3a21M sin(2i)

16R3

(
(2 + 3e21 − 5e21 cos(2ω1)) cos Ω1 + 5e21 cos i sin(2ω1) sin Ω1

)
, (12)

(T⊥)y =
3a21M sin(2i)

16R3

(
(−2− 3e21 − 5e21 cos(2ω1)) sin Ω1 + 5e21 cos i sin(2ω1) cos Ω1

)
, (13)

(T⊥)z =
15a21e

2
1M sin(2i) sin i sin(2ω1)

16R3
. (14)

III. DISCUSSION

The dynamics governed by the forces and torques above has some remarkable features.

First, the inner semi-major axis is constant. It follows from the fact that the work of the

tertiary on the inner binary is zero (see Eq. (7)), consequently the total orbital energy (h1)

is secularly conserved. As a1 = −m/(2h1), the semi-major axis remains constant, too.

Secondly, 〈〈Tz〉〉 turns out to be zero (see Eq. (9)), which means that

J̇1,z = 0→
√
ma1(1− e21) cos i = const.→

√
1− e21 cos i = const., (15)

where we took into account that a1 = const. The last expression is known as the Kozai

constant, while the vanishing of the vertical torque is coined the ’happy coincidence’ in the

Hamiltonian framework (because it makes the system integrable).12

Thirdly, unlike the orbital energy, the inner angular momentum does not remain constant

but varies with time, because T̃ 6= 0. As a1 = const., the evolution of its magnitude

(J1 =
√
ma1(1− e21)) is identical to that of the inner eccentricity. Through sin(2ω1), it is

subject to a periodic driver,13 which becomes more efficient with increasing inclination (see

Eq. (10)). In other words, the eccentricity of highly inclined orbits oscillate. However, the

inclination itself also changes in accord with the eccentricity, because the two are related by

the Kozai constant (see Eq. (15)).

The timescale of the oscillation of the orbital elements can be easily estimated. The

subject of the ZLK effect is the angular momentum: the rate of its change is given by

the double-averaged torque, see Eq. (9). The characteristic timescale is given by tZLK ≈

G1/Ġ1 ≈ G1/T̃ . Since the orbital elements (except a1) vary with time due to the torque,

they affect the exact value of the timescale. However, e1 ∈ [0, 1] and the angles are in the
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arguments of sine and cosine functions, so they induce variations only of order unity and

can be omitted in an order-of-magnitude formula. Hence

tZLK ≈
G1

T̃
≈
√
ma1

Ma21/R
3

=
m1/2R3

Ma
3/2
1

. (16)

It is much longer than the outer orbital time, tout ≈M−1/2R3/2 (i.e. it is secular), because

tZLK
touter

=
(m
M

)1/2(R
a1

)3/2

(17)

and 1� R/a1.

In conclusion, the ZLK mechanism is a secular phenomenon in the hierarchical gravita-

tional three-body problem that keeps the semi-major axis constant but makes the eccentric-

ity and the inclination oscillate. The amplitude of eccentricity oscillation is most prominent

if the perturbing outer object orbits in a perpendicular plane with respect to the binary

We note here that the torque in Eq. (9) is not responsible for the evolution of ω1 (the

periapsis may precess even in the absence of torques). The quantity that triggers the varia-

tion of ω1 could be the time-derivative of the Runge-Lenz vector, just like the torque is the

time-derivative of the angular momentum vector.

Appendix: The Kepler equation

The Kepler equation expresses the connection between the eccentric (E) and mean (l)

anomalies:

E − e sinE = l, (A.1)

where l is proportional to the time:

l = l0 +m1/2a−3/2t. (A.2)

Differentiating Eq. (A.1) with respect to time yields

(1− e cosE)Ė = m1/2a−3/2, (A.3)

which we can rearrange as

dE =
m1/2a−3/2

1− e cosE
dt. (A.4)
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